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Abstract

We provide an account for the existence and uniqueness of solutions to rough differ-
ential equations in infinite dimensions under the framework of controlled rough paths.
The case when the driving path is a-Holder continuous for aw > 1/3 is widely available
in the literature. In its extension to the case when o < 1/3, the main challenge and
missing ingredient is to show that controlled rough paths are closed under composition
with Lipschitz transformations. Establishing such a property precisely, which has a
strong algebraic nature, is a main purpose of the present article.

1 Introduction

Multidimensional stochastic differential equations (SDEs) of the form
d .
dY, = Y Vi(¥)dx{, Yo =y, (1.1)
=0

where X =, (X{)%, is a d-dimensional Brownian motion, and (V;)%, are smooth vector
fields on R™, has been frequently used for modelling in mathematical physics and finance
(cf. [Oks13] and the references therein). The case when V; = 0 for all j > 0 corresponds
to ordinary differential equations (ODEs). The SDE (1.1) also has applications in pure
mathematics. For instance, the distribution of its solution can be used to study some second
order linear parabolic and elliptic differential equations, leading to probabilistic proofs of
celebrated results in PDE theory such as Héormander’s theorem (cf. Malliavin [Mal78]).
When using Picard’s iteration to establish the existence and uniqueness of solutions to
(1.1), the convergence of the iteration is established under the L*-norm with respect to the
Wiener measure. Partly inspired by the conjectures of H. Follmer, Lyons [Lyo98] developed
a pathwise approach to construct the integral against the “dth 's” and showed the pathwise
well-posedness of the SDE. Lyons’ pathwise estimates were performed through considering
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the Brownian motion as an enhanced object by including the second order structure given
by an iterated integral process:

Xor = (X¢ — X, / dX,, ® dX,,).
s<ui<uz<t

In fact, given any function (s,t) — X, satisfying certain algebraic and analytic conditions,
a unique solution Y to the equation (1.1) can be constructed in terms of X, so that the
mapping X — Y is continuous. Such functions X are known as weakly geometric rough
paths.

Lyons defined the solution for (1.1) effectively as

Ys,t == (Y; - Yt%v/ dYu1 ® dYug)
s<uy<uz<t

so that the solution path Y, like X, is also a weakly geometric rough path. Lyons’ rough
path theory has an analytic nature and goes way beyond the framework of Brownian motion.
Later on, Gubinelli [Gub04| proposed an alternative way to interpret the solution YV as a
controlled path, which we will elaborate below. The monograph of Friz and Hairer [FH14|
contains an excellent exposition of this approach. In contrast to weakly geometric rough
paths, the set of controlled paths has a nice linear structure making it into a Banach space
and some algebraic considerations are simplified accordingly. Both [Gub04, FH14| contain
the complete theory for the case when the Holder exponent « of X is greater than 1/3.

While for most parts it is commonly believed that the extension to the case when aw < 1/3
is standard, the proofs and precise quantitative estimates under the framework of controlled
paths do not seem to be readily available in the literature. There is an essential ingredient
whose extension to the case when a < 1/3 is not obvious at all. To be more specific, when
formulating the differential equation

dy = F(Y)dX (1.2)

in the sense of controlled paths, one needs to prove that if ) is controlled by X and F'is a
suitably regular function, then F'()) is also controlled by X. In the case when o < 1/3, such a
stability property was first established by Gubinelli [Gub10| and more recently by Friz-Zhang
[FZ18] in the context of branched rough paths. Correspondingly, existence and uniqueness
of solutions to differential equations driven by branched rough paths was also established
in these works. Since all finite dimensional geometric rough paths can be considered as
branched rough paths, [Gub10] and [FZ18|] provide a natural generalisation of the controlled
rough path theory which also allow arbitrary regularity. However, the theory of branched
rough path is essentially finite dimensional since branched rough paths are indexed by rooted
trees over a finite set of labels. The combinatorial analysis of branched rough paths also
reflects its finite dimensionality in a crucial way.

The main goal of the present article is to develop a generalisation of controlled rough
path theory to the case a < 1/3 in infinite dimensions in an intrinsic way. In other words,
the underlying paths are assume to take values in Banach spaces and the current approach
does not rely on a choice of basis. As we will see, the main challenge in proving the afore-
mentioned stability property of controlled rough paths when o < 1/3 has a strong algebraic
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nature that is not similar to the usual Holder regularity estimates. The “geometric” feature
of X plays a critical role which is not needed in the case when o > 1/3. A major effort of the
present article is to develop this algebraic component precisely based on tools from free Lie
algebras (cf. Section 4 below). For completeness, we have also included a full proof towards
the well-posedness (existence, uniqueness and continuity) of the equation (1.2) under the
framework of controlled paths (cf. Theorem 6.1 in Section 6.2). In our modest opinion,
having the controlled rough path framework properly set-up in full generality along with the
key quantitative estimates might also be beneficial and convenient for the broader commu-
nity. We remark that the consideration of infinite dimensional equations is needed in many
applications. A notable example is the recent work of Ohashi-Russo-Shamarova [ORS20], in
which the authors established the existence and smoothness of density for path-dependent
SDEs from the perspective of controlled differential equations in infinite dimensions.

Apart from Lyons’ original approach and Gubinelli’s controlled path approach, there are
several other approaches to study differential equations driven by rough paths, some of which
further develops the idea of controlled paths (see for instance Davie [Dav08|, Hairer [Hail4],
Lyons-Yang [LY14]).

Organization. The present article is organized as follows. In Section 2, we recall the basic
notions of geometric rough paths and controlled rough paths. In Section 3, we derive a
Holder estimate for controlled rough paths in terms of the remainders. This estimate is
needed for later purposes. In Section 4, we prove the stability of controlled rough paths
under Lipschitz transformations. This part is a main ingredient of the present article. In
Sections 5 and 6, we study rough integration and rough differential equations.

2 Preliminary notions of rough paths

We begin by recapturing some notions of geometric and controlled rough paths over Banach
spaces. This provides the framework on which the present article is based.

2.1 Geometric rough paths

Let U and V denote Banach spaces. The spaces U and V' will represent the space in which
the paths Y and X in (1.1) take values respectively. A family of admissible tensor norms
on (V®")Z°:1 (cf. Lyons-Qian [LQO02]) is a family of norms, one for each of V", such that:

For v € V®" and w € V&,
[0 @ wllyemn < [[o]lven[wllyer;
Given a permutation o of order n, let P, denote a linear transformation on V®" such that
P01 ® - @) = V1) @+ @ Vg(n)-

Then for all v € V&,
155 (0)[lven = [[v]lven.



Throughout the rest, whenever working with Banach tensor products, we always assume
that a family of admissible tensor norms is given fixed. For simplicity, we always use | - | to
denote norms of tensors, and use || - || to denote Hélder norms of paths.
Let L(U; V') denotes the space of bounded linear operators from U to V. We frequently
identify spaces L(U; L(U;V)) and L(U®?; V), and similarly for more general cases L(U®"; V).
Let 0 < @ < 1/2 and set N £ [1/a] to be the largest integer that does not exceed 1/a.
The number « is fixed throughout this article, and all constants in the article will, without
further comment, depend on «.
A continuous mapping X' : Ap = {(5,) : 0 < s <t < T} — V® is called a-Hélder
continuous if ,
N | Xel
[ X flia = sup —— =
o<s<i<T (t —5)
Let T™)(V) denote the truncated tensor algebra 1@V @ --- @ VEY. A mapping X : Ay —
TW )(V) is called multiplicative if for any s < u < t,

Xs,u ® Xu,t = Xs,t-

The following algebraic structure will be used in Section 4 in a crucial way. For each
k > 1, consider the algebra

TWWHEE L TN VYR ... R TW(V).

N J
-

k

Here X denotes the tensor product whose notation is used to distinguish from the one ®
defined over T™) (V). The product structure * over 7™ (V)¥* is induced by

(G R REG)* (M- M) £ (G @m) B B (& @m).
If fi,--+, fr € L(TN)(V);U), we denote
fiR- R fy s T (V)BE - &k
as the mapping induced by
AR RGO R RKEG) 2 fi(G) K- B fir(6)
There is an algebra homomorphism
O (TM(V), @) = (TM(V)=, %)

induced by
() 2RI - K14+ 1K K1Kv, veV,

where 1 2 (1,0,---,0) denotes the unit element of 7 (V). See [Reu93|, Section 1.4
for further details about 0. Let £ = v ® -+~ ®@ v, € V¥ Given I = {iy,--- ,4,,} with
i1 < -+ <y, we define

frEv, @ - Qu,



and we adopt the convention that |y is the scalar 1. One useful property of d; is that

0 (€) =Y _vln B By, (2.1)
()
where the above summation is taken over all partitions (1) of {1, - ,r} into disjoint subsets
I, , I} (some of them can be ().

Definition 2.1. The free nilpotent group of order N is the subset of T™) (V) defined by
k= > R--REE VE>2}) (2.2)
0l +--+lp <N

Remark 2.1. The above characterization of the free nilpotent group of order NV is equivalent
to a common definition in terms of the exponential of Lie series. Indeed, according to [Reu93|,
Theorem 3.2, an element ¢ € T(>) (V) (the algebra of infinite tensor series) is the exponential
of a formal Lie series if and only if

02(€) = E X,

where 0 is the canonical extension of d, onto 7 (V). By a similar proof, this is also
equivalent to 3
or(&) = &% Yk > 2. (2.3)

To see the equivalence between (2.3) and (2.2), given r and k let us introduce the projection
P:TWV — P VER. - R®VE TV
l1+~~~+lk=7“

If € = (€2,61,€2 -+ ) with & € V¥, then

P@i)= ), €"R--Re

L++lg=r

As (2.1) implies that d; sends V" to @, , ., _, VO K- KV we see that

BE) =PEE) = Y @R.meh

Li++l=r

Therefore, if (£2,€1,---,€N) is the exponential of a Lie series on T (V), we have

5kz((507 75N)): Z Sllggflk

0<li++lk <N

Remark 2.2. Technically, we should assume that the algebraic tensor product TW) (1)

has been completed with respect to some admissible tensor norm (e.g. the projective tensor
norm). But this is not an essential point since we will only work with elements in the
algebraic tensor product (i.e. linear combinations of tensors of the form & X --- X &;).
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Definition 2.2. A a-Holder geometric rough path X is a multiplicative functional
X=X XN Ap = TO(V)

such that X, ; €GW)(V) for any (s,t) € Ar and X' is a-Hélder continuous for each 1 < i <
N.

Remark 2.3. Here we follow the convention in [FH14| and call such rough paths geometric. In
the earlier rough path literature (e.g. [F'V10]), such paths are often called weakly geometric.

Given two a-Hoélder geometric rough paths X, X, we define their “distance” by
~ N ~
pa(X, %) 2 3 X - X (2.4)
i=1

We also denote ||X||, £ pa(X, 1).

Remark 2.4. A typical way of constructing geometric rough paths is as follows. Let {X ™) :
m > 1} be a sequence of Lipschitz continuous paths in V. Then the limit

m—0o0

X,; = lim (1,/ axim ... / dXM @ - @ dXm) (2.5)
s<u1<t s<ur<--<un<t

yields a a-Hélder geometric rough path provided that the convergence holds under the a-
Holder metric (2.4). When V is finite dimensional, the union over {a : a < o'} of all
functionals A — T™) (V) that can be constructed through the procedure of (2.5) is precisely
the set of o/-Holder geometric rough paths (cf. [FV10], Corollary 8.24).

According to [Lyo98|, when X is a geometric rough path, the solution to the differential
equation (1.1) can be constructed in the sense of geometric rough paths.

2.2 Controlled rough paths

In this article, we take the perspective of controlled rough paths introduced by Gubinelli
[Gub04]. A benefit of this viewpoint is that the underlying path space is a Banach space
which simplifies algebraic considerations to some extent. Heuristically, the solution to the
rough differential equation dY; = F(Y;)dX; can be formulated as the fixed point of the
mapping M : Y. — fo F (Y;) dX;, provided that M is a contraction on a suitable space of
controlled rough paths. We first define the notion of controlled rough paths precisely.

Definition 2.3. A collection of continuous paths Y, = (Y2, V', --- , Y1), where Y € U
and Y € L(V®;U) for 1 < i < N — 1, is called an a-Hélder controlled rough path over U
with respect to X, if the “remainder” defined by

Ry & Y- YI- XL TYINXL, H0<i<N -2,
s,t }/;Nfl_)/;N_17 le:N_1’

satisfies for each 0 <7 < N — 1,

; IRV,
RV (N=i)a £ sup !

o<s<t<T [t — §|(N—De
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The space of controlled rough paths over U with respect to X is denoted as Dx.,(U). We
define a semi-norm || - [|x.q on Dx.o(U) by

N—-1
IVlxa 2D IRV | v=i)a-
=0

Remark 2.5. We often use the shorthanded notation Y, £ Y; — Y.

Let X, X be two a-Holder rough paths. To measure the distance between ) € Dx.o(U)
and Y € Dx,(U), we define the functional

N-1

dy 5.0V, V) 2 ) IRV = RV | (v=i)a-

1=0

3 Holder estimates for controlled rough paths

The following lemma tells us how to estimate ||V — Y|, in terms of dx %.0 (Y, V) and the
difference of the initial data. This estimate is useful in the next section when we study the
stability of controlled paths under Lipschitz transformations. For simplicity, we introduce
the notation '

SXIAX X SY'AY Y SRIARY —RY'.
Lemma 3.1. For each 2 < i < N, there exists a universal function M; : [0,00)° — [0, 00)

which 1s continuous and increasing in each variable, such that

18V o < Mi(T X s 1Ky mave 15, max [RYY50)

1<<i—
1—1
X [pa(X,X) + ORN lia + > (165" 7|+ 6RY 7 |1j0) ]

j=1
Remark 3.1. If i =1, §YN=" = §RY ! and hence
16Y ¥ o = [ORY - (3.1)
Proof. We prove the lemma by induction. When ¢ = 2, we have
Yo=Y = (VY - YR + RV - RV
= KN_l(Xsl,t - Xslt) + (YSN_l - Y/;N_l)j(sl,t + (R th_z -R ~£_2)-
It follows from (3.1) that
16y 2l < (1 4+ T%) (1" + 1YY o) [6X7
+ (L +T) [(10Y5" 7+ [6Y ¥ ) 1 X o + I0RY 72|20 T°]
< Q+T) (T + [ X]lo + Y+ IRV )
< [I0X o+ 0¥ T+ [0RY o + [0RY 72 [|2a ]



Therefore, the claim holds in this case.
Suppose that the claim holds for 6YV~! ... §YN~i Using that

O = ST - SR o)
j=1 j=1
we have

H(Sny(iJrl)Ha

< (14700 Z (Y6 1+ YY) 10X 4130
7=1

+ Z (1Y 71+ 1Y ¥ ) I XH i pa + IRV 11130
j=1

< (14T (1+ max (V1 + 1YV a) + 1X]a)
[pa(X,X) + Z (16Y 71 + |6V N o) + [|SRY =D | 14134 - (3.2)
j=1

By the induction hypothesis with X = X and taking Y =0, there is a universal function M;
that is continuous and increasing in every variable, such that

N—j ' N-1 N-—I
YN < M (T Xy v |35, max [ RV, (33)

and similarly for each 1 < j <7 we have

1YY o < My (T2 X X[y max [¥5Y

, max [|[RYY )

1<I<j— 1<I<j—
7—1

X [pa(X, X) + [10RN |0+ Y (|0VY | + 19RN|ua)]. (3.4)
=1

The induction step follows by substituting (3.3) and (3.4) into (3.2). O

Remark 3.2. An immediate consequence of Lemma 3.1 is that Dx,,(U) is a Banach space
under the norm

N-1
I Vlllxa £ 1Vlxa + Y 1Y (3.5)
1=0

4 Stability of controlled rough paths under Lipschitz trans-
formations

Under the framework of controlled rough paths, an essential ingredient for solving an RDE
dY = F(¥)dX (with Lipschitz vector field F') is to show that F()) is also a controlled
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rough path. We would like to point out that the extension of this property from the case
of 1/3 < a < 1/2 (which is the common setting in most of the literature) to the general
case of a < 1/3 is non-trivial. As we will see, the main challenge has an algebraic nature
rather than just being standard regularity estimates. To point this out concisely, the Taylor
expansion of F' for the 0-th level function (i.e. equation (4.1) below when j = 0) allows us
to motivate the construction of F(Y) = (F(Y)°%,---, F(Y)N!) as a controlled rough path
in one go. However, justifying the remainder regularity for all the derivative paths requires
deeper algebraic considerations and the geometric nature of X plays an essential role. For this
purpose, we take the viewpoint of Reutenauer [Reu93| and rely on the coproduct structure
) introduced in Section 2.1 in a crucial way.

We begin by recalling the notion of Lipschitz functions in the sense to Stein [Ste70]|. Let
Ly (V¥ W) denote the set of bounded linear operators T' from V¥ to W such that for all
permutations o over {1,---,j},

T (Vo) X -+ - W gmy) =T(v1 M- Kuy,).

Definition 4.1. Let W, U be two Banach spaces and let K be a closed subset of W. Suppose
that v € (N, N + 1] where N is a non-negative integer. A collection of functions F =
(FO,Ft ... F"N)is said to be y-Lipschitz over K, if:

(i) the functions F°: K — U and FV : K — Lym(W™;U) (1 < j < N) are bounded on K;
(ii) for each 0 < j < N, the following Taylor expansion holds:

2

FI(y)(€) = FrH (@) ((y — 2)" ®E) + R(w,y)(€), =,y € K &€ W, (4.1)

l

!

<
=|

I
o

where the remainder R; : K X K — Ly (W™ U) satisfies

R.
sup M<oo forall 0 <7 < N.
eyek [T —y[17I

The Lip-y norm of F, denoted as || F'||Lipy, is defined to be the smallest number M > 0 such
that for all z,y € K, ‘ '
[/ (z) < M, |R;(z,y)| < M|z —y|"™

for all 0 < j < N. The Banach space of all y-Lipschitz functions F = (F°,---  FY) is
denoted as Lip(y, K).

Now let X be a given a-Hdélder geometric rough path over a Banach space V. Our aim in
this section is to show that, if ) is an a-Holder controlled rough path over W with respect
to X and if F' = (F°,--- F") is v-Lipschitz over W taking values in U, then F(}))) is an
a-Holder controlled rough path over U. In addition, given another controlled rough path
Y, we shall establish a quantitative continuity estimate of dx %.0(F(Y), F ())) in terms of
dX,f(;a(y7 y)

In the first place, we need to elaborate the meaning of F'())) as a controlled rough path,
which consists of the actual path in U along with its N — 1 derivative paths. The actual



path, denoted as Z?, should apparently be given by Z? = F°(Y}). To motivate the derivative
paths, we use the Taylor expansion of F° :

N1
FO(Y?) — FO(Y0)= _'F] Ysot)xj)j
Jj=1 J:
where = means being equal up to a term of regularity [t — s|V®. Note that a term of
such regularity is regarded as a remainder in the expansion of Z° To proceed further, we
adopt the convention that Y; € £(V®; ) is extended to a linear mapping from T™) (V) to

TW)(W) by setting Y7 (&) £ 0 if £ € V® with j # i. Using the expansion of Y, we have
(YOW=((DoY)Xe)™” = (Do v (x3).
i=1

=1

Since X is a geometric rough path, X, ; takes values in the free nilpotent group GM(V).
By using (2.2), it is not hard to see that

0;(X) =X, - KX

As a result, we have

N-1 N-1 -
FUYP) =) SF (DY) 7 (6;(Xar)))
j=0 J: i=1
N-IN-1
= F(Y)) + SO Y (VR RYP)(6(XD)).
r=1 j=1 J: i1t tig=r
where the summation Zi1+-~+z‘j:r is taken over all 1 < 4y,---,i; < N — 1. It is then clear

that the derivative paths Z!,--- , Z¥~1 should be defined by

N-1
r Lo i ij
z; &) F >, (R BYD)odlve). (4.2)
J=1 11+t =r
Note that the requirement ¢; + --- 4 i; = r together with 4;,--- ,7; > 1 mean that the sum

Z;V__ll is in reality a sum )7, as the terms from j = r +1to j = N — 1 are zero. We

have left it as Z A ! for the convenience of interchanging summations later on. Note that
Zt e L(VOU).
To prove that Z = (ZO, ceey ZNfl) is controlled by X, by Definition 2.3 we need to show
that
Z0, =20 X 4+ 2N X (4.3)

for each 1 < r < N — 1, where in this case = means being equal up to a term of regularity
|t — 5|V~ The main challenge (and essence) of proving (4.3) is algebraic rather than
analytic. In particular, this relies on a key algebraic lemma which we now motivate.
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First of all, there is nothing to prove when r = 0, since the definition of Z" guarantees
the desired regularity property in this case. For 1 < r < N — 1, let £ € V®" be a generic

element. To simplify the notation in the computation below, we set

mE Y (VR RYY)od;(€) e W

i1+---+ij=1"
Then we can write
N-14
Zi(€) =Y = () ()
=1

1 1
=Y (D0 FFE(O) &)
Jj=1 1=0
N—-1 1 N— 1 B(s)
-2 PO ()" w)
= (k=) t '
N—-1 k 1 ()
=S PO B )
k=1 j=1

Let us define

and

st

N-1
Y0 =D YIX
m=1
respectively. It follows that

Z{ (&)= Z %F’“(Y;’)((Ki)m_” X 7/)

On the other hand, we have

(Zo+ ZI X+ 4+ ZN XN
-1 N-1

YUY Y FON R R 0h(X., @),

l=r k=1 ’i1+---+ik=l

11

(4.4)

(4.5)

(4.7)
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Consequently, to prove Z is a controlled path, it boils down to showing that

N-1 k —_—
1 j=1
N-1N- 1Fk . ‘
Z () (R--RYH)oq(Xw®E)). (4.9)
=1 [=1 11+~-~+ik:l

Here an important point is that F*(Y?) is a symmetric functional over W¥*. To respect the
underlying symmetry, let Sy, : W — W¥* be the symmetrization operator on homogeneous
k-tensors, and let K be its kernel. We introduce the notation ¢ = 7 to mean that £ —n € K.
Using the symmetry of F*(Y?), it remains to establish the following algebraic lemma.

Lemma 4.1. For each 1 < k< N — 1, we have

k .
1 ~o \ Bk
P (Vo) wa

s 1 | |
:EZ Z (YSM@...@YS%)o(sk( St®§)+A33ta (4.10)

Cl=r iy etig=l

where we recall that i) is defined in (4.6), Y, o 1s defined in (4.7) and

AL, = % > YRRV (X B BX ) * 66 (6)). (4.11)
T, i <N —1
i1t tig 2N

Remark 4.1. The role of the term A%, is to compensate the difference between (X, ) and
X5V (cf. (2.2)), which arises from tensor truncation.

Proof. By the linearity for both sides of (4.10), it is enough to consider the case £ = v; ®
-~ @, when v; € V for all 1 <7 < r. Recall that

= Y (Y YRXERRYIXGY)og e eu),  (412)
i1+---+ij=T l1>i1,'“,lj>ij

and

G @) Z€|h - K€, (4.13)

where the summation is taken over all disjoint subsets I, - - - , I; such that U I ={1,---,r}.
Using the above formula for d;, equation (4.12) becomes

YooY YAXYUR-RYDXY)Y €L R---Re,

iteetig=r il e

— Z Z Z Y'Sll(Xé}t—h ®£‘Il) g...gy;h(Xl-_zg ®€|1) (414)

i1+ tii=r (Ia) 1241, 02>
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Since Y! acts on V® and sends on all other elements to zero, we know that
V(X @e) =0 it |14

Therefore, the summation }; ) in (4.14) becomes a summation over all partitions (1) _,
of {1,---r} such that |I,| =i, for all . As a result, we can write

2. X =2

it =r (1)) al=ia Vo (Ia))_ i Ial>1 Va

where the right hand side denotes the summation over all partitions (I,)’_; of {1,--- ,r}

such that |7, > 1 for each a. Moreover, as (X7, ® £|;) = 0 unless ¢ = [ — |I|, we have
VIXE, @¢&l) =YX ®Er).

Note finally that as X, ® £|; has degree at least ||,
VIXe@&lr) =0 ifl<|I|.

Therefore, for each 1 < o < j the summation Zzog\ 1| can be replaced by the unrestricted

N-1
ﬁg = Z Z }/sll(Xs,t®§|[l) ﬁlnﬁyslj(xsjt@fhj)'
(Ia)f;:lja?é@Va I, ,lj:l

It follows that

k

1 50 \B(k—) oy ~j
Zw(ysot) VR
N-1

k
= ﬁ d>ooovmX R RYX,,

7j=1 J my, ,mg_;=1
N-1

X Z Z szll(Xs,t®5|f1)IZI"'X’}/;lj(X57t®€|Ij)

(Ia)!_y:Ta#0Va 11l =1

k 1 N-1 b
= - Yshlxs,t X XY kins,t

; (k= j)! hl;,;k:l
B Y Y (Xeel) B B Y (X, 0). (415)

(Ia)izfla?émva
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As the next observation, let (Hi)le be a partition of {1,--- ,r}. If there exist f; < -+ <
B; such that Hg, = I, for 1 <i < jand H; =0 fori ¢ {f1,---, 5}, then
N-1

YoYPX B B X G R (X @) B BV (X @)
hi,-hg=1

N-1
S

> V(X @) B BY (X @ &)
hi,,hi=1

There are a total of (’;) such partitions (H;)F_; for each given j-tuple (Iy,---,I;). As a
result, we have

N-1

> > VI (X @ €l ) 8- BV (X @€, )
hi, hp=1 (H,-):351<~-'<,3‘7',H5i:h Vi

N-1
s k . A
s Z ( ) }/shlxs,t X.. X }/Shk*] Xs,t X }/shk7]+l (Xs,t Q élh)
By =1 M
1,05k
X... &nhk(X&t ®£|Ij)‘

Since the summation

k
I=L (10) _ T #0 Vo (Hi):3B1<-<Bj,Hp, =1; Vi
is equivalent to summing over all partitions (Hi);?:l of {1,---,r}, the expression in (4.15)
becomes (up to permutation symmetry with respect to X)
| Nl
Dy > VI (XK @ Elr) B RV (X @ €],
hi,-hx=1 (H;)¥_, :partition of {1, ,r}
[ Nl
Yo VPR RYM (X B BX ) (Y Ea B BE ). (416)
i, hp=1 (Hi)k_,

By using the formula (4.13) for 5 again, the expression in (4.16) becomes

N-1
Z nhlg...gyshk((xs’t...

1 he=1
N-1

1

Ok Z

N-1
Y VIR RYH (X R B X)) x (1@ ®0,)) + A
" l=r hi+-+hp=l

1
] Xs,t)*5k(v1®"'®vr))
h

k
3;s,t

(4.17)
where AL, is defined to be the difference of the two expressions in (4.17).
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Note that when hy + - —l— hiy < N, the operator Y1 X ... X Y/ only acts non-trivially
on elements of @l1+.‘.+lk<NV L ... V%, Since X,; € GM(V), according to the shuffle
product formula (2.2), for such hi’s we have

YR R/Y (X W KX ) #6(n1 @ ®vy))
:}/;hl&...g}/;hk( Z (Xift&'--&Xé'})*(5k(v1®"'®vr))

Lt <N
= Yshl X..-X }/:ghk(ék(X&t) % 51<;(U1 R ® Ur))-

Since dy, is a x-homomorphism, the expression in (4.17) becomes

N-1 N-1
XY YRRV G(Xusu e o)+,
I=r hy+-thy=l
which is precisely the right hand side of (4.10). O

Having the above algebraic considerations, we can now prove the main result of this
section. For the need in the study of RDEs in the next section, we also establish a continuity
estimate for Lipschitz transformations.

Theorem 4.1. (i) [Stability] Let Y be a controlled rough path over [0, T| with respect to X.
Let F = (FO, F' ... [FN) be a v-Lipschitz function with v € (N,N + 1]. Then the path
Z = F(Y) as defined in (4.2) is a path controlled by X in the sense of Definition 2.3. In
addition, we have

1) Ixia < 1Flip-n - M(T, max [Yg],

<iSN-—-1

IXlo.) (4.18)

(i) [Continuity estimate] Let Y and Y be paths over [0,T] controlled by X and X respectively,
and let F' be (N + 1)-Lipschitz. Then we have

dx %0 (F(Y), F (V)
<F N ipavsny - M(T, max |¥gl, max [YG] 1P ]lxias [Vl]sar [Xlas [1X]]a)

1<i<N-1 1<i<N-—-1

x (max |Y] = V5| +dx 5. (V. V) + pa(X, X)). (4.19)

0<i<N-1

In both parts, M (---) denotes a universal function that is continuous and increasing in every
variable.

Proof. To ease our discussion, we use the notation “<” to denote an estimate up to a contin-
uous increasing function M in T', maxi<cicy—1 Y5 ], maxicicn—1 [Y5], || V%500 IVl 5:00 1 X5
|X||a, Which may differ from line to line. We closely follow the notation used earlier in the
algebraic considerations. In particular, in order to prove the theorem, essentially we need to
keep track of the remainder from each of the notions “=" appearing earlier.

15



First of all, as seen before, we can write

=

-1

7€) =)  FrYD(Cr+ AL, ,) + Avsy,

bl
20

-1
BZ3,(&) = )  FFY)(Dy — Ay,

=0

el

Here
EZL (&) 2 (20 + 207 X+ -+ ZV XN,

C, Dy, are defined by the left and right hand sides of the algebraic identity (4.10) respectively.
The remainders Ay, A5, are associated with the notions “=" appearing earlier and Af, _,
is defined by (4.11). To be precise, they are defined by the following equations.

(i) (cf. (4.5) and Taylor’s theorem with integral form remainder)

Nl—

(1—0 . .
Aps 2 Z / S P Y (OB ), (420
i

where we recall that 77| = Zj\;l :
(ii) (cf. (4.8))

T

AL EY ST () R (VR R Y (5(6)))

— 'k =) W
— (VXL YT R (BYS R R EY(5,(9))).
where
EYZt £ YSZ + }/;’L'+1X;I'7t et Y;NqXév,t,l,i.

According to Lemma 4.1, we have
FEYP)(Cr) = FHY))(Dy).

It follows that
N-1

REZL, =Y FFYL) (AL, +AL,) + Av. (4.21)
k=1
Similar definitions and identities hold for the tilde-quantities. We need to estimate the
regularity of the A’s.
As a standard way, we frequently use the simple inequality

lab — ab| < |a —al| - |b] + |a| - [b— D). (4.22)

Also note that [F*(YY)| < ||F||Lip-n- As a consequence of Lemma 3.1 (without the presence
of V), we have |
Yol Slt—sl® ] SL V>l (4.23)
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From these considerations and the expression (4.20) of Ay;s,t, we see that
|Avsil S NFlluipn - [t — 8|70 (4.24)
For the term A’g;s,t, by forming a telescoping sum it boils down to estimating
(YO)RED) R (VR BY(5,(9) = (VXL 4+ + YY)
X (EYS} R & EY(5;(€))))
(Y;ot Y Xslt oot YsN le]\,Cf_l) X (Ys?t)g(k_j_l) X Y;til R YZ]((SJ(Q) +e
(VXL VXS R (Y R R (Y - BY)(05(6)) . (4.25)

Note that
‘Y;,)t - Ylesl,t +oeee YsN_lXé\,is_l‘ 5 |t - 3|Na

and
VX5 + -+ VXN = Y0, - RV St — s
In addition, for each ¢ > 1 we have

}E}/S'L’t‘ — |}/;’L + Ygi+1X51¢ RN YgN_lX;\ft_l_i{
=Y/ RV, | S 1,

and for each ¢ < r we have ' .
Vi EY] | St —sf V7

Consequently, we see that

(Al S JE— sV (4.26)

We now estimate

1
A= S YRR R (X B B ) 84 (6))

k!
hi+-+hy=N
1 N
=5 ooV RRYM(() XER-RXE) «6(6)).
" hitethp=N I, =1

Since hy+---+h; = N and £ € V¥, the only non-zero terms are the ones when Iy +- - -+1;, >
N — r. In this case, we see that

X B KX S (=)0
Therefore,

Al S D YL Y (= )V S (- )
it +hy >N
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We particularly point out that the constant hidden within “<” is independent of Yy .
This will be important for RDE considerations later on. From (4.21), (4.24) and (4.26) we
conclude that Z is controlled by X and the estimate (4.18) follows.

To prove the second part the theorem, we need to estimate

RZ., —RZL,
N-1 o
(Fk(YO) (A’; s,t) - Fk(Y;‘O) (Ag;s,t))
k=
N-1

+Z (FRY2) (AL, ) — FRYO) (AL, ) + (Anes — D)
=1

For this purpose, let us introduce

N-1
D(X,¥;X, V) £ pa(X,X) +dx 5,0V, V) + Y Y5 = V5.

=0
Now it remains to establish the following set of estimates (for 1 <k < N —1):

[FEYY) = F* YD) S I Fllpy - DX, VX, D),

‘Alst - Alst| < ”FHLlp N+1) (X y X y) ’t_ S|(N7T)a7 (427>
AL, — AL S DXV X, Y) - [t — sV (4.28)
|A35t A’?f;s,t| 5 D(Xa y, Xa 5)) : |t - S|(N—r)a. (429)

To see the first inequality, first note that
[FRY)) = FH(Y))
1
| [ ) (2 - 520
0
S i - (Y9 = Y9+ [[Y° = Y7 ).

The inequality then follows from Lemma 3.1.
For the inequality (4.27), according to its expression (4.20), it suffices to estimate

FY(YL 4+ 0Y0) (nf R (Yo" 7)) — FN(Y) + 0Y3) (7] B (YR 9),
Recall from the definition (4.4) of 7] that
m-m= > (YE--RY-VH---RY))od(¢).
i1+t =T
For each 1 <i < N — 1, we have
Vi =Y < VG = Yol + (V) = Y5) = (V= Y5))
¥ = V| + Y - FiTe

<
<
S DX, Y X, Y). (4.30)
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Since [Y| < 1, [Y/| < 1, it follows that
[ —il| £ DX, ¥ X, D).
On the other hand, according to Lemma 3.1 we have
YV =Y <Y =YOa(t —5)" S DX,V X Y) (= 5)°.

Therefore, we see that

PN +60Y5) — FY (V) +0Y3)|

S i [ Y2+ 0V, — (Y + 601, |
||FHLip-(N+1) ‘Yso + eys(,)t - (?so + 9}73?15”
1 o v (1Y0' = Y5 | + [V = Y| + 5 — YoL[)
1P lluip-vay (|¥0' = Yo' + 2]V = YOl T)
| F | Lip- (v DX, V5 X, D).
The inequality (4.27) thus follows (the regularity |t — s|N"")* comes from the fact that j <
in the summation (4.20)). )

For the inequality (4.28), to estimate A§_, — A% we write this difference in the form

of a telescoping sum that is similar to (4.25) but also with the tilde-quantities. We already
have the required estimates for Y, — Y, and Y — Y}’ when analyzing Ay.,;. We also have

AN IN NN

(YOG, + -+ KN‘lXﬁ‘l) - (fﬁffit o A YIS
5 D(X,y,x,j})}t—é’} )
and
BYE, — BV <[V — BYE, — (Vi = BVZ)| +|¥i — 7]
=Ry, — RVt‘ + [y =Y
SD(X, ¥; X, V).
As a result, the desired estimate for A%, — A’g o follows.

For the last inequality (4.29), we have

N

% Z Yshlg...&yshk(( Z Xéft@“'@Xi]ft)*%(f))

" hitethg 2N lyysle=1

k Ak _
A3;5,1,‘ - A3;s,t -

~ Y ®. RV (( Z XL R RXE) % 6,(€)).
=1
Note that |V}| < Nt“ < land |V —)N/tl| < D(X,Y;X,Y). We also have (XL, S (t—s),
|)~(ét| S (t—s) and | X!, — X§t| < D(X,Y; X, Y)(t—s). Therefore, we obtain the desired
inequality (4.29).
Now the proof of the theorem is complete. O
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5 Continuity of rough integrals

In this section, we study the integral [ ZdX as a controlled rough path and establish a
continuity estimate. Recall that a € (0,1/2] and N £ [a], so that 77 << 5. Given a
partition P:s =ty <t; <---<t, =1, we set

|7D| = max (ti—i—l — tz)

0<i<n—1
All paths below are defined on [0, 7.

Proposition 5.1. (i) Let X be an a-Holder geometric rough path over V, and let Z be an
a-Hélder controlled rough path over L(V;U) with respect to X. Then the following limit

exists:
/ 24X 2 Jim Zzzk L (5.1)

s tZEP k=1

In addition, if we define T & fo ZdX & (I° 1Y, [ IN7Y) by
t
)= /0 zZdX, I} £ 70, IV E 2N (5.2)

then Z 1s an a-Holder controlled rough path with respect to X and the following estimate
holds:

IZlxi0 < CaT?IXlallZllxia + 125 11Xl (5.3)

(ii) (Continuity estimates) Let X, X be a-Holder geometric rough paths and let Z,Z be
paths controlled by X, X respectively. We use T = fo ZdX and T = fo ZdX to denote the

controlled paths obtained by integrating Z and Z respectively. Then the following estimate
holds:

dy 50T, T) < CoT max(|[X[la, [ Z]Ix,0) - (dx 5,0(Z, Z) + pa(X, X))
+max (|| X, [Z07H) - (|28 = ZY 7 + pa(X, X)). (5.4)
Proof. Let s <t be fixed. Given any partition P of [s, t], we denote

N
/ ZdX = Z Z Zti_lXtIz,tm
P

t;€P k=1
Then

/ZdX - ZdX
P P\{t;}
N

§ : k=1 vk § :
t] 1 ta 1tj + Zy, Xtﬂﬁl t] 1 ta Ltj+1

k=1

N k
Z k=1 yk ZZ k=1 k-
] A tity T th th¢j+1 tj 1X -1t ®Xt ti+1

k=1 1=0

2{2: kl kl
ttJJrl Z J 1:t5 ®Xt tir”

k=1 l=1

MZ l Mz I MZ

e
Il
—
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We claim that the last expression is equal to Zk 1 RZ’C iy ® Xt ;4. Indeed, by writing

N—k
ZET=ZF T 4 Y 2P XT A REE
7 —1, -1
r=1
it is equivalent to seeing that
N N-k
k— 1 k+r—1~yr k
ZZta 1 t] tj+1 Z Zta 1 th L, ®th,tj+1
k=1 r=1

N k
- sz lX 1t®Xt i =0
k=1 =1

1

The above equation follows by interchanging the order of summation in the middle term.
Consequently, we arrive at

ZdX — ZdX RZM L, (5.5)
[z [ zx-y

In the following argument, we directly consider the continuity estimate. The case of a
single 7 is easier and only requires minor modification in the argument. Using (5.5), we have

\/ ZdX — ZdX — (/ ZdX — ZdX)]
PA{t;} P P\{t5}

joti+1 tj, t]+1|

g (dX’X;a ij HXHa + }lé“X,QpO‘(X?X)) ) (tj+1 - tjfl)(N—i—l)a.

As Z;:ll (tj41 —tj—1) < 2(t — s), we may choose a j such that

2(t—s)

tip1 —tj—1 < 1

It follows that

\/de— ZdX — (/ ZdX — ZdX)|
P P\{ts} P P\{t;}

2 o N ~ ) i
< (n_l)@m) (t— )N (dg 50 (2, 2) X, + [| 2| g0 (X X)).

By successively removing partition points from P, we arrive at
\/ ZdX — ZdX — (/de(— ZdX)|
P {s,t} P {s,t}

< Co (t = 8) M (dy 5.0(2, 2) X, + || 2| 5,000(X, X)), (5.6)
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where
o

Co 23 (2 yne

n—1
n=3

The version of the inequality (5.6) without the tilde-paths is easily seen to be
\/ ZdX — ZdX| < Col| Z||xsal Xlalt — s)N D=, (5.7)
P {s,t}
We now use the inequality (5.7) to show that the limit

lim ZdX

exists. Let P and P be partitions over [s,#], and let P V P be the partition obtained by
taking a union of the partition points from P and P. For each pair (s, s;.1) of adjacent
points in P, by applying the estimate (5.7) to the partition PVPN [s1, S141], we obtain that

| / 74X — ZdX| < Ca(s111 — 51
75V7sﬁ[81751+1] {Slvsl+1}

By summing over [, we have

(N+1)a
) 1210 1Xl -

|| ~ZdX—/AZdX|
PVP P

<) | / ZdX — ZdX|
Zl: ﬁV'ﬁﬂ S Sl+ﬂ {3l751+1}
< Col PIYFH 2], Xl (= 5).

A similar inequality holds with P replaced by P. Using the triangle inequality, we end up
with an estimate for [ ZdX — [5 ZdX, from which we can deduce the convergence of (5.1)
using the Cauchy criterion.

Next, we establish the continuity estimate (5.4). By taking |P| — 0 in (5.6) and using
the definition of Z,Z, we have

t N t N
|/ ZdX—ZZf-lxgt—/ ZdX - ZF'XE|
s k=1 s k=1
N-1 N-1
= 1= Y = (I = YD ERE) — (20 - 2R
k=1 k=1

< Ca (b= 5) " (dy 5,0(2, 2) X + |2 |5 00 (X, X))
In addition, note that
|27 = 207 X+ 1207 X = X
< RN - RZVT X, ()N T+ | 20— ZY Y X, (- )N
+[|2]|5,000 (X X) (= 5)Y T 4+ |20 pa(X, X) (£ = 5)™.
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Therefore, we obtain that
|RIg,t - ngt’ = ‘(Ig,t - [ka,t) - (jg,t - Z ijftH
1
<20, (t = )" T*(dx 3,0 (2, 2) Xl + || 2], 000X, X))
H 123 = Z X, (= )N+ | 20 pa(XL X) (8 — s)N

The difference RZ:, — RZ!, (1 <i < N — 1) is estimated in a similar way, and the desired

continuity estimate (5.4) thus follows. The estimate (5.3) is a special case with Z=0and
X = X, from which it is also clear that Z is a controlled rough path (i.e. the remainders all
have the required regularity). O

6 Rough differential equations

We now proceed to establish existence, uniqueness and continuity of solutions for the RDE

dY, = F(),)dX, (6.1)

in the space of controlled rough paths. As a standard idea, the RDE (6.1) is formulated as
a fixed point problem for the transformation

M:yr—>Yo+/F(y)dX.

We first derive a continuity estimate for M. Using such continuity estimate, we then show
that M is a contraction on a small time interval. The general case follows from a patching
argument.

Throughout the rest, let 77 < o < % < 3 be fixed (N = [1/a]). Let F = (F°,--- | FN)
be a given (N +1)- Llpschltz functlon defined on U and taking values in £L(V;U). We always
use M (- - ) to denote a universal function that is continuous and increasing in every variable.

6.1 Composition of Lipschitz transformation and rough integration

The following lemma is a direct application of Proposition 5.1 and Theorem 4.1. All paths
are assumed to be defined on [0, 7] with 7 > 0 given fixed.

Lemma 6.1. Let X and X be a-Holder geometric rough paths over V. Let } and Y be
U-valued paths controlled by X and X respectively. Define the controlled rough path J =

(JO, - JN=1Y) with respect to X in the following way
JOLy0 (/ FQY)X), Ji = (/ F(Y)dX), fori>1. (6.2)
0 0

Define J controlled by X in a similar way. Then the following estimates hold true:
1T lxsa < Ca® M (7, | Fllip-ns [IX[lar. max Y] (IP]lx:a) + [F) - [1X]la (6.3)

1<i<N-—-1
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and
Iy 5o T T) < CadI (7 | Pl max (51V T30, 19 0 19 e 1K o

IXlla) % (7%x 5, (V. V) + [FO)F T = FO) 7+ pa(X, X)) (6.4)

Remark 6.1. The factor 7 and the independence of Yy in the function M are both important
for the patching argument in the RDE context.

6.2 Existence, uniqueness and continuity of RDE solutions

We first define the notion of solution for the RDE (6.1). The paths are now assumed to be
defined on [0, 7] (T' > 0 is given fixed).

Definition 6.1. Let X be a a-Holder geometric rough path over V', and let Yy € U. We say
that J € Dy.o(U) is a solution to the RDE (6.1) with initial condition Yj, if

YtozYoJr(/O.F(y)dX)f, Y;’:(/O'F(y)dx);' for 1 <i< N —1.

The main theorem in this part is stated as follows.

Theorem 6.1. (i) [Ezistence and uniqueness| Let X be a given a-Hdélder geometric rough
path over V. For each Yy € U, there exists a unique solution Y € Dx.o(U) to the RDE (6.1)
in the sense of Definition 6.1.
(ii) [Continuity estimate] Let X and X be a-Hélder geometric rough paths over V., and let
Yo, Yy € U. Suppose that 3 )

Xl v Ko v Y6l V [F] < B

with some constant B > 0. Let Y and Y be the solutions to (6.1) driven by X and X with
wnitial conditions Yo and Yy respectively. Then the following estimate holds true:

x50 (V. 7)< ML, |l vs1y. B) (pa(X. X) + Y — Vo). (6.5)

The rest of this subsection is devoted to the proof of Theorem 6.1.

6.2.1 Local contraction

We prove existence and uniqueness by using the Banach fixed point theorem. Note that
the “constants” appearing in the rough integration and Lipschitz transformation estimates
depend on ||Y|x.a. As a result, the mapping M : Y +— Yy + [ F(Y)dX can only be a
contraction if we restrict M on a bounded subset, say a metric ball. To determine the center
W (as a controlled rough path) of such a ball, it is natural to require W9 = Y; as this is the
given initial condition. The higher order terms W* (i > 1) are chosen such that RW:, = 0.
This is formulated precisely in the following lemma.

Lemma 6.2. Let Yy € U be given. We set

Wy £Y,, Wy £ FO(Yy),
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and inductively

r+1 A — Fj(i/ﬂ) i 15 ®(r+1)
e BT e mg) es) € L) (60
j=0 ' i1t =r

Define the path W = (WO, W W2 ... WN=1) by
W) = W(€) + Wi (X, @ ) +- -+ W (X, @),

Then W is a controlled rough path with respect to X. More specifically, we have RW' = 0
for each 0 <i < N — 1.

Remark 6.2. The initial value W, is canonically determined by Y, and F.
Proof. Note that

N-1 N-1 Jj—i
Wie) =Y Wi (X 0e) =Y WD X5 e Xk )
j=i Jj=t k=0
N-l-i N-1 N—1—i
= WX e Xl 0f) = Z Wi (XL ©¢€)
k=0 j—itk P
As a result, we have RWQt =0foralls<tand 0<i< N —1. m

The definition (4.2) of F(W)Y ™! together with the inductive definition (6.6) of W¢ (1 <
i < N — 1) imply the existence of a continuous, increasing function M such that

[FOV)o ™ < M(IIF lip-(v—1))-
Therefore, for any controlled path ) with )V, = W,, we have
IFD)o " IX o < M Fluip-ov-n) [ X]la =: A. (6.7)
The following lemma gives the local existence and uniqueness for the RDE (6.1).

Lemma 6.3. For each 7 > 0, we set
BT = {y S DX;CY(U> : ”y - WHX;a < 2A7 Mo = Wo}

Then there exists a small T > 0, which is independent of Yy and depends only on o, X and
| F || Lip-(n+1), such that:

(i) the mapping M : Y — T sends B, to B,, where J is the controlled rough path defined
by (6.2);
(i1) the mapping M is a contraction on B, with respect to the norm ||| - |||x.a defined by (3.5).
(i1i)) The RDE (6.1) has a unique solution Y on [0, 7] that satisfies

[VlIxia < 2A. (6.8)
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Proof. (i) We first prove by induction that W = J for all i. The ¢ = 0,1 cases follow
directly from the definition of 7 and W. For the induction step, note that by the definition
of J,if € € V®U+1) then

T (€)= (F ) (©
-y EE Y e my)es

Fi(Y, 4 i
_ (Yo) Z (Wgr & - R W) 06;(€) (since Yy = Wp)
iy tig=r
(. (by definition of W *).

Therefore, Wy = Jo.
Next, we recall from (6.3) that

1T xia < Ca* M (7, [ Flluip-n, | Xlla, max [Y5], [Vlixia) + A

1<iKN—-1

Since RW!, = 0 by Lemma 6.2 and Y € B;, we know that

||y||X7Oé = dX,X;a(y7W) < 2A

The inductive definition of W in (6.6) implies that there is a continuous increasing function
M such that A ‘
V5| = W5l < M(I|1Flluip-v-)), 1<i<N-1L (6.9)

As a consequence, we can choose 7 to be sufficiently small (depending on || X||, and || F||Lip-n),
such that ‘

Cat M (7, [|F Juip-ns [ Xl | max V5], [Vxa) < A. (6.10)
This ensures that J = M(Y) € B,. Note that the choice of 7 is independent of Y.
(if) Let ¥, € B,. Note that Yy = Yy and thus F(Y))"™" = F(¥)J~". By applying (6.4)
with X = X, we have

dX,X;a(M(y)>MO~})) < CaTaM(Tv HFHLip-(N+1)> max ‘K)%

1<iKN-1

IVl 19100 11X la) dx x:a (Y, D).

According to (6.9) and the fact that Y, € B,, we may further reduce 7 (independent of
YY) such that

N | —

Ca M (7, | Flluip-vy, | max [YG], (| Vllxias 1V llxas [1Xla) <

1<i<N -1

In this way, we arrive at

1Y = Vlllxa,

M) ~ M)l < 5
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which shows that the mapping M : B, — B, is a contraction for such a choice of 7.

(iii) Let 7 be chosen as in Part (ii). Note that a solution to the RDE (6.1) is a fixed point
of the mapping M. Since B; is a closed subset of the Banach space (Dx o(U), ||| - [[[x:a);
according to Part (ii) and the Banach fixed point theorem, we conclude that the RDE (6.1)
admits a unique solution ) € B, as a controlled rough path on [0, 7]. The inequality (6.8) is
just a consequence of Y € B.. O]

Remark 6.3. Tt is interesting to point out that, if ¥ = (Y9 --- | Y¥~1) is a solution to the
RDE (6.1), then at each ¢ the values Y’ (1 < ¢ < N — 1) are all canonically determined
by the value Y,? of the O-th level path. Indeed, by Definition 6.1 we have Y} = F()).™!
for all ¢ > 1. The determination of Y} from Y, is through the same relation as (6.6). This
observation is used in the later patching argument.

6.2.2 A patching lemma

In order to obtain global existence, we need to patch local solutions in the sense of controlled
rough paths. The lemma below justifies the patching of controlled rough paths in general.

Lemma 6.4. (i) Let X be an a-Holder geometric rough path on [a,b] and let u € (a,b) be
fized. Let Y be a continuous path on [a,b] such that Y| (respectively, Y|y ) is controlled
by Xl (respectively, by X|we)). Then Y is controlled by X on [a,b].

(ii) Let X, X be a-Hélder geometric rough paths on [a,b] and let Y, Y be controlled by X,
X respectively. Let u € (a,b) be fived. Then we have

dx 3.0V, V) <dx 30 Vs Vwt)) + dx xeo (Vliaad Vo) (14 1X]|a)
+ [V au I 5.0Pa (X, X). (6.11)

Proof. (i) It is enough to consider the remainder Ry';t when s < u < t. Note that

N-1 N-1 N—1 i
Z i i—k_z Z i—k—j v _2: ¢Z i—j yvi—k
Y:SXs,t - Yts Xs,u Xu,t - YZ; Xs,u Xu,t

i=k i=k i=k J=k

N-1 N-1

E Y’Xz NxIE

=k
N-1 N-1
=Y VIXIP-> (v, § :YlX’ NXIE
j=k Jj=k

Therefore,

N—-1 N—-1
SRR D DR chy Z Z VIXL) X
i=k j=k

or equivalently
N-1

RYE, =RYE, + Y RV X" (6.12)
i=k
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From (6.12), it is clear that the Hélder regularity of RYF, is [t — s|(N =R,
(i) According to (6.12), for s < u < t we also have

N-1
[RVE, = RYVE| < |RVE, = RYE |+ D RV, — RV |IX o (¢ — u)V ™
=k

N-1
+ Z ‘Rj}g,uMXj_k — Xj_kHa(t — u)(j—k)a
=k
< dx .0 (Vb V) — )N =R
N-1 ]
+ Z ||Ryj|[a,u] - Ryj‘[a,u]”(ij)a<U o S)(N_])a||X||a(t B u)(]—k)a
=k
N-1 )
+ Z IR g | ¥y (K X (1 — 8) V90t — ) TR

i=k

The inequality (6.11) thus follows. O

6.2.3 Global existence, uniqueness and continuity

By patching local solutions and local estimates, we are now able to establish the global well-
posedness of the RDE (6.1) in the space of controlled rough paths. Let o, N, F' be given as
before.

Proof of Theorem 6.1. FExistence. Let 7 be given by Lemma 6.3. According to that lemma,
we have a solution Y[1] on [0, 7| satisfying

i—1

ViR =i+ [ RN, YOl = PO viefor)

We define a sequence of controlled paths {Y[n] : n > 1} on [0, 7] inductively in the following
way. By applying Lemma 6.3 with Y, = Y[n—1]; and X; = X(,_1)r4++, we obtain a controlled
rough path Y[n] on [0, 7] satisfying

i—1
t

Violf = Vo= 12+ [ POIDIX, Vil = PO, vt e 0.7

We now define ) = (Y .- Y¥~1) as a path on [0,00) by concatenating all the Y[n]’s,
namely
Vin-1yr+¢ = Y[nls, t€0,7].

Note from Remark 6.3 that ) is well defined. By Lemma 6.4, ) is a controlled rough path
with respect to X.
For any t > 0, if t € [(n — 1)7, n7] we have

Ve =Yl e = FOW) oy, = FON
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It remains to show that,
t
Y2 =Y+ / F(Y)dX,  Vt>0. (6.13)
0

We use induction on n. If t € [(n — 1)7,n7], then
Y;to =Y[n— 1]?—(n—1)T
t—(n—1)7
Y-y [ PO 1)AX e,
0
(n—1)1 t—(n—1)T
= YE) + / F(Y)dX + / F(Y[TL — 1].)dX.+(n,1)T
0 0
(n—1)7 t
=Y +/ F(Y)dX +/ F(Y)dX
0 (n—1)7
t
=Y +/ F(Y)dX,
0
where the third equality follows from induction hypothesis. Therefore, (6.13) holds. We have

thus obtained the existence of solution on [0, co).
Uniqueness. Let Y be another solution to the RDE (6.1). Suppose that

o £ sup{t € [0,00) : Y, = Y, for all s € [0,]} < 0.
Then Y, = Y,. According to Lemma 6.1 with X = X, for all 7 sufficiently small we have

dX,X;a (j>|[0',0'+7']7 y|[0,0+7’}) < CaTaM(T> HFHLip—(N+1)7 1<I72%<_1 ‘Y;‘7 HyHX;cw

IPlx:0: 1 Xlla) - dx xi0 (Vligosr]s V0ot -

If we choose 7 to be such that

Cat M (7| F luip-(v+ry, max V7] [ Pllxiar IVlxas [1Xla) <1,

1

then ~
dX,X;a (y|[a,a+7']7 y|[0,0+7’]) = 0.

This implies that 5)][0@“] = V|04 8S Y, = Y, which contradicts the definition of o.
Therefore, Y = Y on [0, c0).

Continuity estimate. We now assume that all the underlying paths are defined on a given
fixed interval [0, T]. According to Lemma 6.1 and the fact that ), ) are RDE solutions, when
restricted on any sub-interval [0, 7] we have

dX,X;a(y’j}) < CO&M ) (TadX,X;a(y7:)7) + D/O - 5;[)| + pa(X7 X)>7
where we have set
M & M7, || Flluip-v+1)s [V lx00 1Pl 11X s [1X]a)
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and used the observation that (cf. (6.9))

max {}/OZ| V |Y/0Z} < M(”FHLip-(N—l))- (614)

1<iKN-—-1

Let A be defined in (6.7) with || X]||, replaced by B. By choosing 7 to be small enough, as a
result of (6.8) we can ensure that

1Vlo1x50 V1Pl < 20 (6.15)

and also that )
Coam*M' £ Cour®M (7, || Fl|uip-(n+1), 2A, 2A, B, B) = 3

It follows that . . )
x50 (Y2 F) < 20a M- (1Y — Vi + pa(X, X)). (6.16)

on [0, 7]. It is important to note that the choice of 7 is independent of Y, and Y. By applying
(6.16) on each sub-interval [(n — 1)7,n7| (1 < n < T/7), we arrive at

dX,f(;a (y7 j}) < QCCXM/ : (‘}/(271)7 - Y/((7)L71)T‘ + pa(X7 X)) (617)

when restricted on [(n — 1)7, n7].
From (6.15) it is clear that

||y|[(n—1)‘r,n7} ||X;a V ||y|[(n—l)7',n7'] HX;a < 2N Vn.
In addition, according to Lemma 3.1, when restricted on [0, 7] we have

Y~ V| <Y~ T + oyt ¥
<M (7, Xl [ Ko, max [¥5], max  [RYN];0)

i+1<G<N—1 i+1<G<N—1
N-1

X (pa(X,X)+ D Ve =Yg +dg 5. (¥.Y)), 0<i<N -2
=0
Observe that
N-L . ~ . ~
SV = Yo < M(|F|luip-n) [ Yo — Yo,
1=0

which is clear since all the Yj’s and Y{’s are canonically determined by Y and Y via the
relation (6.6). In view of (6.15) and (6.16), we can further write

V] = Y[ < M (7, | Flluip-veny B) ([Yo = Yol + pa(X, X)), (6.18)
By applying (6.18) iteratively, we obtain that
Yo = Vi | < Mo (7, [|F | ip-v1), B) (| Yo = Yo| + pa(X, X)) (6.19)

for all n, where the increasing function M,, can depend on n.
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To proceed further, we show by induction that

dX,f(;a (y|[0,n'r}a :)}l[l),nﬂ) < Mn (7—7 ||F||Lip—(N+1)a B) (‘YO - %l + Pa(X7 X)) (620)

for each 1 < n < T'/7. Suppose that (6.20) is true on [0, (n — 1)7]. According to (6.17) and
(6.19), we have

dx 5.0 (Vlin-1)r.n7) Vlin-1yrnr1)
< M (7, || F|Lip-(v-+1), B) pa(X, X)
+ Moy 1 (7 [|F lip-(v 1), B) ([Yo = Yol + pa(X, X))
< My (7, | FllLip-v41): B) (|Yo = Yo| + pa(X, X)) (6.21)

We can then apply Lemma 6.4 to patch the estimate on [0, (n — 1)7] with the one on [(n —
1)7,n7] given by (6.21). This completes the induction step. The desired continuity estimate
(6.5) follows by taking n = T'/7.
Now the proof of Theorem 6.1 is complete.
[

To conclude the discussion, we give a few remarks on several possible extensions.

In the first place, if the vector field F' and its derivatives are not uniformly bounded, the
solution to the RDE (6.1) may explode in finite time. Similar discussion gives existence and
uniqueness up to the explosion time.

In addition, in the continuity estimate (6.5), one can also take into account the pertur-
bation of the vector field F. In this case, an extra term of ||[F — F||pip-(v41) will appear on
the right hand side of (6.5).

Finally, it is possible to reduce the Lipschitz condition F' € Lip(/N + 1) to F' € Lip(v)
with v > a~! by sacrificing the Holder regularity of the remainders of the controlled rough
path F(Y). More specifically, RF(Y):, should have regularity |t — s|0~'~9* instead of
|t — s\(N —9a_ Correspondingly, the definition of control rough paths needs to be relaxed to
allow more flexible Holder exponents for the remainders. This point is essentially clear in
[Gub04] for the case of o > 1/3 and the extension to the general case is only a technical
matter. Nonetheless, we should point out that proving existence of solutions under the
optimal assumption of F' € Lip(y) with v > a™! — 1 seems to be only possible in finite
dimensions, as one has to rely on the Leray-Schauder fixed point theorem in that case,
which requires the compactness of M and it is only true in finite dimensions.
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